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Abstract

Transitive models of set theory, the relative consistency of the axiom of choice using
the hereditarily ordinal definable sets, forcing conditions and generic filters, generic
extensions, ZFC holds in generic extensions, the relative consistency of the continuum
hypothesis and of the negation of the continuum hypothesis, possible behaviours of the
function 2%, the relative consistency of the negation of the axiom of choice.

1 Introduction

Sets are axiomatized by the ZERMELO-FRAENKEL axiom system ZF. Following Jech [7|
these axioms can be formulated in the first-order language with one binary relation
symbol € as

—  Extensionality: Vz(z Ex<rz€y) wx =y
—  Pairing: 32Vu(u €z u=xVu=y)

—  Union: 2Vu(u €z Jy(ucy Ay €x))
—  Power: 32Vu(u € z>Yv(vEu—uecx))

—  Infinity: 3z(Fx(x € 2 AVy-y €x) AVu(u € z— (v € z AVw(w Evsrw eV w=

w))))

—  Separation: for every €-formula ¢(u, p) postulate I2Vu(u € z<>u€x A p(u, p))

—  Replacement: for every €-formula ¢(u,v, p) postulate
Vu, v,v'(¢(u, v, p) A p(u,v',p) = v=2v") = FyVo(v € y <> Fu(u €z A p(u, v, p)))

—  Foundation: Juu € z—Ju(u € x AVv(v Eu— —w Ex))

The axioms capture the basic intuitions of Cantorean set theory. They are strong enough
to formalise all other mathematical fields. Usually the Aziom of Choice is also assumed

—  Choice or AC: Vu,v'(uex—Jvveu)AN(ucxzAu' exAu#u' —-Fv(veuAve
u'))) = IyVu(uex— Fv(veuNv ey AV (v eunv’' € y—v'=v)))).



ZFC is the system consisting of ZF and AC. ZF~ consists of all ZF-axioms except the
powerset axiom.

We use the intuition of a standard model of set theory (V, €), the universe of all (mathe-
matical) sets. This is usually pictured like an upward open triangle with the under-
standing that if x € y then x lies below y; = is in the eztension of y. The ordinals are pic-
tured by a central line, extending to infinity.
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Although this picture gives some useful intuition, we can only know about sets by deduc-
tion from the ZF-axioms. On the other hand the axioms are incomplete in that they do
not decide important properties of infinitary combinatorics. The most important examples
are

— the system ZF does not decide the axiom of choice AC: if ZF is a consistent theory,
then so are ZF + AC and ZF + —-AC

— the system ZFC does not decide the continuum hypothesis: if ZFC is a consistent
theory, then so are ZFC + CH and ZFC + -CH

Here a theory is consistent, if it does not imply a contradiction like x # x.

We appeal to the following central fact from mathematical logic: a theory T is consistent
iff it possesses a model. This allows to show consistency results by constructing models of

ZF and of ZFC.

We motivate the construction methods by analogy with the construction of fields in
algebra. The complex numbers (C,+,-,0, 1) form a standard field for many purposes.



C is an algebraically closed field. It contains (isomorphic copies of) many interesting
fields, like the rationals @, or extensions of @ of finite degree (algebraic number fields).
These subfields witness consistency results for the theory of fields:

—  the field axioms do not decide the existence of v/2: Q is a model of ~Jzz -z =1+
1, whereas Q(v/2) is a model of Irz-2=1+1

— by successively adjoining square roots one can form a field which satisfies Vydz x -

z =1y but which does not contain 3/2. This is used to show that the doubling of the
cube cannot be performed by ruler and compass

Let us mention a few properties of field constructions which will have analogues in con-
structions of models of set theory

—  the fields are (or can be) embedded into the standard field C.

— the extension fields k(a) can be described within the ground field k: a is either
algebraic or transcendental over k; in the algebraic case one can treat a as a vari-
able x which is a zero of some polynomial in k[z]: p(x) = 0; in the transcendental
case a corresponds to a variable x such that p(z)# 0 for all p € k[z]; calculations in
k(a) can be reduced to calculations in k.

— the ground field @ is countable. One can construct a transcendental real

a=0,apaiasas... ER



by successively choosing decimals a; so that 0, apay...a,, “forces” p,(a)#0, i.e.,
Vb (b = O, apa1a2as.. .ambm+1bm+1. .. —)pn(b) 7& 0)

Here (pn)n<w is some enumeration of k[z]. In view of the forcing method in set
theory we can write this as

0, apa1a2as...am - py () £ 0

where & is a symbol or name for the transcendental or generic real to be con-
structed.

For models of set theory this translates to

consider transitive submodels (M, €) of the standard universe (V, €).
construct minimal submodels similar to the prime field Q.

construct generic extensions N O M by adjoining generic sets G, corresponding to
the transcendental numbers above: N = M[G].

G is describable in the countable ground model M by infinitely many formulas, it
will be constructed by a countable recursion along countably many requirements
which can be expressed inside M.

We shall consider the models HOD (Hereditarily Ordinal Definable sets), generic exten-
sions M[G], and symmetric submodels N of MI[G]|. This leads to a spectrum
HOD, L, M, M[G], N... of models of set theory like




These models satisfy different extensions of the ZF-axioms: e.g., HOD F AC, M|G| may
satisfy CH or —=CH, and symmetric submodels may satisfy =AC. This leads to the desired
(relative) consistency results.

2 Transitive Models of Set Theory

Let W be a transitive class. We consider situations when W together with the €-relation
restricted to W is a model of axioms of set theory. So we are interested in the “model”
(W, €)or (W, elW) where €W = {(u, v)|u € v € W}. Considering W as a universe for
set theory means that the quantifiers V and 3 in e-formulas ¢ range over W instead over
the full universe V. For simplicity we assume that e-formulas are only formed by variables
Vg, V1, ..., the relations = and €, and logical signs =, Vv, 3.

Definition 1. Let W be a term and ¢ be an €-formula which do not have common vari-
ables. The relativisation ¢V of ¢ to W is defined recursively along the structure of o:

- (vi€v))W=(v;€vy)

= (pv)"=((") V("))
— (Guip)" =FuieW (¢)
If ® is a collection of €-formulas set ®V = {pW|p € ®}. Instead of " or ®V we also

say “p holds in W7, “® holds in W7, ‘W is a model of ¢”, etc.; we also write W E ¢ and
WE®.

©" and ®" are obtained from ¢ and ® by bounding all quantifiers by the class W.

We prove criteria for set theoretic axioms to hold in W.

Theorem 2. Assume ZF. Let W be a transitive class, W #0. Then
a) (Extensionality)".
b) (Pairing)V <Vee WYyeW {z,y}eW.
¢) (Union)V <VexeW | JzeW.

d) (Power)V «<>¥xe WP(x)NW € W.



e) (Infinity)V <>3zeW D€z AVuez u+1€z).

f) Let v be the instance of the Separation schema for the €-formula ¢(x,@). Then
YW sV e WYaeW {x €alo"V (x, @)} eW.

g) Let ¢ be the instance of the Replacement schema for the €-formula ¢(x, y, ©).
Then YW is equivalent to

Vo € WV, y, y' € W(eW(x, y, @) A W(z, y, ©) =y =y') =»Va € W{y|Fz €
ap(z,y,0)} "W eW).

h) (Foundation)".

i) (Choice)V < VreW (D ¢z AVu,u' €x(u#u —sunu'=0) —=IJye WVYuecaxIv {v}=
uny).

Proof. Bounded quantications are not affected by relativisations to transitive classes:

(1) Let zeW. Then Vy(y ex— p) =>VyeW(y€x— @) and y(yex A @) <>JyeW(y €
TN P).

Proof. Assume that Vy € W(y € x — ¢). To show Vy(y € x — ¢) consider some y € z. By
the transitivity of W, y € W. By assumption, ¢ holds. ged(1)

a)

(Extensionality)" <> (VaVy(Vz(z€x+2z€y) —wz=1y))"V
& VeeWVyeWNzeW(zexrz€y) —r=1y|
< VeeWVyeW|VeeW(zer—zey AVzeW(zey—zex) —

z=1y|
& VeeWVyeW[Vez(ze€x—zey) AVz(z€y—z€x)] = x =1y, by

(1).
The righthand side is a consequence of Extensionality in V.

b)

(Pairing)V < (VaVyIVu(uezu=zVu=y))V
& YeeWVyeWazeWVueW(uezu=xVu=y)
< VeeWVyeWaze WVu(u e z+<u=xVu=y), by (1)
& VeeWVyeWazeWz={z,y}
& YeeWVyeW{z,yteW.



(Union)"

(Power)V

€)

(Infinity)" <

f) Separation:

(VzIVu(u ez Jy(ueyAyex)))V
VeeWdzeWVueWuez«IyeW(ueyAy€ex))
VeeW3azeWVueW(uez+Jy(ueyAyex)), by (1)
Vee W3zeWVu(u € z+Jy(ueyAyex)), by (1)
VxEWEIzGWz:U x

verUer

r¢r1r11¢?

(Vz3Vu(u €z Vo(veu—uex)))V
VeeW3dzeWVueW(uezeYoveW(veu—uer))
VeeWdzeWVueW(uezeYo(veu—uex)), by (1)
VeeW3dzeWVueW(uezeulrx)
VeeW3dzeWVu(uezueW AuCx)
VeeW3zeWz=Px)NW

Vee WP(x)NW eW

rrree

(Fz(Fx(x € z AVy—y €x) AVu(u € z— Fv(v €z AVw(w Evrw EuV w=
u)))"
eW@zeW@ezAVyeW-yecx)A\VueWuez—IveWwezA

VweW(wevsweuVw=u))))
zeW(Fz(x € zAVy~yex) AVu(u € z— Jv(vezANVw(w v weuV

(
=u)))), by (1)
(

EIzEW @ez/\Vu(uez—Hleez))

(ViVadyVe(z ey zean oz, )V < Ve WVae WIye WYz eW(z ey r€al

" (z, )

“ Vo € WVa e W3y e WVz(x €y € aA
" (z,@)), by (1)

Vo e WNaeWIyeWy={zecalpV(z,0)}

Vo e WYaeW {z €alpW (z,w)}eW

T 3T



g) Replacement:

VW= (Vi (Y, y, y'(e(z, y, ©) A ez, Y, ©) =y =y') = VaIzVy(y € 2 <> Fz(z € a A p(a,

y,©)))))"

< Yoe WMz, g,y e W(pW(x,y, ®) A pW(x,y, %) wy=y") >Vae WIze WVy €
WyezeIzeW(xean Wz, y, w))))

< Yoe W, y,y' e W(oW(z,y, @) A pW(x,y',0) sy=1y) =Vac W3z e WVy(y €
2z (Fu(zeany”(z,y, *))AyeW))

< Vo e Wz, g,y € W(oW(z,y, @) AWz, y, @) wy=1y") =Vaec W3z e Wz =
{y[Fzea (2, y, @)} NW)

< Yo e Wz, v,y € W(W(z, y,0) AN &V(z, y,0) wy=1vy') =Vae W {y|Fz €
ap"(x,y, )} NWeW).

(Foundation)V' < (Vz(Juu € r—Ju(u€x AVo(v Eu— —w e x))))V
o VeeW(@QueWuerz—FueWuex AVveW(veu— —wex)))
<~ VeeW(Fuuerz—Ju(uex AVu(veu— —wex))), by (1).
— Ve(Fuuer—Fu(uex AVo(v eu— v Ex)))
<+ Foundation in V.

i) Choice:

ACY & (Vz(Vu, v (u€ex— Fvveu) ANluexAu ez Autu — -FvlvEuAAv €
u'))) = IYNWu(uexr— Fv(veurveyAVo' (v eunv' € y—v'=v))))))"

o VeeWWu, v eW((uer—vweWveuhuexAhuv' ez ANu#u — —Jv e

Wweunved)))—»TJyeWVueWuer—FveWweurvey AV e W(v' e

uAv' €y—v'=0)))))
o VeeWMu,v'(uex—vveu)ANlucz A exANu#u —-Fvweuhve

uw))) =3y eWVu(uer—Fv(veunvey AW (W eunv e y—v' =v))))), by

several applications of (1),
o VeeW¢rAVu,v' ex(utu wunu' =0)—=IJye WVueczIv {v}=uny)
U

The theorem yields models of fragments of ZFC in the von Neumann hierarchy (V,)ae0rd -

Theorem 3. Assume ZF. Then
a) Vo F Extensionality, Union, Separation, and Foundation;

b) if a is a limit ordinal then V, E Pairing and Powerset;



¢) if a>w then V,F Infinity;

d) if AC holds then V= AC;

e) if AC holds, o is a reqular limit ordinal and Y\ < a2* < «, then V,, F Replacement;
f) VuEall axioms of ZFC except Infinity;

g) if AC holds and « is strongly inaccessible, i.e. « is a reqular limit ordinal >w and

VA< a2)<a then V,EZFC.

Proof. e) First prove by induction on ¢ € [w, o) that Va € Vg card(a) < «. For the replace-
ment criterion let Vi € V, and assume that Vzx, y, vy’ € Vo(o"(z, y, @) A o"(z, v/,
w)—y=1y'). Let a€V,. Then

z={yPFr€ay’(z,y,@))}NVa
is a subset of V,, with card(z) < card(a) < a. Hence z €V,. O

Models of the form V,, can be used to show relative consistencies.

Theorem 4. Let ZF be consistent. Then the theory consisting of all ZFC-axioms except
Infinity together with the negation of Infinity is consistent.

Proof. Assume that the theory consisting of all ZFC-axioms except Infinity together with
the negation of Infinity is inconsistent, i.e. that it implies a contradiction like dxxz #x. ZF
implies that the former theory holds in V, . So its implications hold in V,, . Hence ZF
implies (Jzx #£x)"»=3r €V, v # 2. Thus ZF is inconsistent. O

The following lead ABRAHAM FRAENKEL to the introduction of the Replacement schema.

Theorem 5. Let Z be the system of Zermelo set theory, consisting of the axioms of
Extensionality, Pairing, Union, Power, Separation, Infinity, and Foundation. Then Z does
not imply Replacement.

Proof. (Sketch) V,,., is a model of Z but V,,,, does not satisfy Replacement: define the
map Frw—V,,,, F(n)=V,.,. F is definable in V,,,, by the €-formula

o(r,y,w, V) =3f(f is a function A dom(f) € w Az €dom(f) A f(0)=V,AVn(n+1€
dom(f) —=Vu(ue f(n+1)<>uC f(n))).

¢ formalises the definition of F' by recursion on w. Then Flw]={V in|n <w} ¢ V1., and
so Vi, 1w does not satisfy replacement for the formula ¢. U



We shall discuss some details concerning the definition of ¢ inside W later.
Exercise 1. Define H,, = {z|card(TC({z})) < x}. Examine which ZFC-axiom hold in H, for various

K.

3 Absoluteness and Reflection

In the study of models of set theory one passes from models (W, €) of set theory to other
models (W', €), and one is interested in the behaviour of truth values of certain formulas.
Some truth values are invariant or absolute.

Definition 6. Let W, W' be terms and let o(xo, ..., Tn—1) be an €-formula which does not
have common variables with W or W'. ¢ is W-W'-absolute if

Vg, ..., n 1 €EWNW (W V).

If W=V we call ¢ W-absolute.
In the next section we shall give syntactic criteria for absoluteness

Theorem 7. (LEVY reflection theorem) Assume ZF. Let (W,)acora be a continuous hier-
archy, i.e.

a<f—=W,CWg, and if X is a limit ordinal then W)= U W,.

a<A

Let W =, corq Wa be the limit of the hierarchy. Let po(T), ..., pn—1(%) be a finite list of
€-formulas. Let 0y € Ord. Then there exists a limit ordinal 0 > 0y such that @o(T), ...,
On—1(Z) are Wy-W-absolute.

Proof. We may assume that the e-formulas ; are only built using —, A, 3 and that all

subformulas of ¢; occur in the initial part ¢o(Z), ..., p;—1(Z) of the list of formulas. Let r
be the length of the vector Z. For ¢ <n define functions F;: W™ — Ord by

Fi(#) = min {3|Fv € W W (2)}, if p;=Fvp and Jv e WV (Z)
)0, else

By the definition of F,
VZeW (Jve WyW(Z) +» Jv € Weyz) vV (2)). (1)

Using the Replacement schema, recursively define an w-sequence (0,,)m <. starting with
the given 6, by

Omir=|J {F@))i <nAFEW,,}U(Om+1).

10



Define the limit ordinal 6 = 0, - Then for ;= 3Jvy from the list and 7 € Wy

m<w
Jve Wy wW(:?) v e WFi(f) Qﬁw(f) (2)

Now we show by induction on i <n that ¢; is Wy-W-absolute. Let 7 € Wj.
Case 1. ; is atomic. Then ¢; is trivially absolute.

Case 2. ¢;=—p; with j <i. Then ¢} (¥) = ¢! *(Z) ¢ =} (Z) = IV (), using the induc-
tion hypothesis.

Case 3. ;= p; V pp with j, k <i. Then ¢"%(%) = gpgv‘g(f) Vo(Z) & oV (@) v olV (7)) =
oV (%), using the induction hypothesis.

Case 4. ¢;=3vp; with j <i. Then, using the induction hypothesis and (1) and (2)

v € Wy *(T)
Jv e Wy (7

v € Wrya) ¢ ()
Jv e WelV (2)

= /(7).

I
8l

)

T T3

Theorem 8. If ZF is consistent then ZF is not equivalent to a finite system of axioms.

Proof. Work in ZF. Assume for a contradiction that ZF is equivalent to the list ¢y, ...,
@n—1 of formulas without free variables. By the reflection theorem, Theorem 7, there
exists 6 € Ord such that ¢, ..., oY . Thus ZF implies

Jw(w is transitive Ay A... A pp_q). (3)

By Foundation take an €-minimal such wy. Since the ¢y, ..., ¢,—1 imply all of ZF, they
also imply (3). Therefore

(Jw(w is transitive Apg A ... A @p_1))"°.

This is equivalent to
Jw € wo((w is transitive)™ A () A ... A (on_1)"°).

Let w; € wp be such a w. Since wy is transitive, w; C wy . Relativising to w; and to wy is
equivalent to relativising to wi Nwy=wy :

(wy is transitive) A @gt AL A opt .

11



Let “w; is transitive” be the formula
Yu€ewiVvEeuv Ewy .
This is equivalent to

Yu € wi NweVv € uNwy v € wy

and to
(Vu € unVo € u v € wq)™e.
Hence
wy is transitiveA gt A A @yt
This contradicts the €-minimality of wy . 0J

Similarly one gets

Theorem 9. Let ® be a collection of €-formulas which is a consistent extension of the
axiom system ZF. Then ® is not finitely axiomatisable. So is ZFC 1is consistent it is not
finitely axiomatisable.

We can also use the reflection theorem to “justify” the assumption of transitive models of
set theory.

Theorem 10. Let ZF be consistent. Then the theory ZF + M is transitive+ZF™ is con-
sistent where M is a new variable.

Proof. Assume that ZF 4+ M is transitive+ZF" is inconsistent. Then the inconsistency
follows from finitely many formulas of that theory. Take ZF-axioms ¢y, ..., ¢,_1 such that

M M . oy .
D05 +es Pre1y PO 5+ Pr—1, M is transitive

imply the inconsistent statement = # x . Work in ZF. By Reflection, Theorem 7, there is
some Vj such that ¢y, ..., ,_1 are Vg-absolute. Then the following hold:

Vo Vo . L.
D0y +evs Pr—1, Po’s -y O 1, Vo 1s transitive.

But then the proof of z # = can be carried out under the assignment M +— Vp. This means
that ZF is inconsistent. 0J

Similarly:

12



Theorem 11. Let ZFC be consistent. Then the theory ZFC + M is transitive+ZFCM is
consistent where M is a new variable.

4 Formalisation of Formal Languages

We want to construct G °6del’s model HOD which stands for the class of Hereditarily
Ordinal Definable sets. HOD will be a model of the theory ZFC. The basic intuitions are:

— we want to define some “minimal” model of set theory which only contains “neces-
sary’.

— a model of set theory must be closed under definable sets where definitions may
contain parameters from that model.

— one might define the model as the collection of all sets definable from parameters
out of some reasonable class.

— one could take the class Ord of ordinals as the class of parameters: the class OD of
Ordinal Definable sets is the collection of all sets of the form

y={zlo(z,a)}
where ¢ is a formula of set theory and a € Ord.

— this may leed to a class which satisfies the axiom of choice since we can wellorder
the collection of terms {x|p(z, @)} by wellordering the countable set of formulas
and the finite sequences of parameters.

— to get a transitive model we also need that elements = € y are also ordinal defin-
able, that u € x € y are ordinal definable etc., i.e. that y is hereditarily ordinal
definable. That means TC({y}) C OD.

So far we do not have a definition of HOD by a formula of set theory, since we are ranging
over all formulas ¢ of set theory. This makes arguing about HOD in ZF difficult.
G °6DEL’s crucial observation is that HOD is, after all, definable by a single e-formula
which roughly is as follows:

z€ HOD < TC({z}) COD
and

y € OD <> there exists an e-formula ¢ and @ € Ord such that y={x|¢(x,d)}.
To turn the right-hand side into an €-formula one has to formalise the collection of all &-

formulas in set theory and also the truth predicate ¢(x, @) as a new formula in the vari-
ables ¢ (sic!), x, and a.

13



Consider the language of set theory formed by variables vy, vy, ..., the relations = and €,
and logical signs -, Vv, 3. Code formulas ¢ of that language into sets [¢| by recursion on
the structure of ¢ as follows.

Definition 12. For a formula ¢ of set theory define the G ° 6delisation [p] by recursion:
- [ui=v1=(0,7,7)
- lviev]=(1,4,7)
= [el=@ el Tel)
= Tevel=06lel, [¢])

- [31}2 QP—I = (4>i> RO—I)

Note that [¢] € V, since V,, contains all the natural numbers and is closed unter ordered
triples. Next define the collection Fml of all (formal) formulas.

Definition 13. By recursion on the wellfounded relation

yRr<Ju,v (x=(u,y,v)Ve=(u,v,y))
define

reFml & Ji,j<wz=(0,i,7)
V3i,j<wa=(1,i,j)
V3y(yeFmlAz=(2,y,vy))
V3y,z(yeFmlAzeFmlAz=(3,y, 2))
VI <wIdy(y e FmlAz=(4,1,y)).

Fml is the set of formalised €-formulas. We have: Fml C V,,, and for every standard &-for-
mula ¢:

[¢]€Fml.

It is, however, possible that Fml contains nonstandard formulas which are not of the form
[¢]. One has to be very careful here since one is working in the vicinity of the G °6DEL
incompleteness theorems.

We interpret elements of Fml in structures of the form (M, E) where E is a binary rela-
tion on the set M and in particular in models of the form (M, €) which is a short nota-
tion for the e-relation restricted to M:

(M,e)= (M, {(u,v)lue MAveEMAuev}).

14



Definition 14. Let Asn(M) = <“M = {al|a: dom(a) — M, 3In <w dom(a) Cn } be the set
of assignments in M. We also denote the assignment a by a(0), ..., a(n — 1) in case that
dom(a) =n. For a€ Asn(M), x € M, and i <w define the modified assigment a= by

a£<m):{ a(m), if m+i

) x, else

Definition 15. For a structure (M, E) with M €V, ¢ € Fml, and a an assignment in M
define the satisfaction relation (M, E) E ¢la] (“(M, E) is a model of ¢ under the assign-
ment a”) by recursion on the complexity of ¢:

— (M, E)F(0,4,)[a] iff a(i) =a(j)

- (M, E)E (1,4, j)la] iff a(i)Ea(j)

— (M,E)F(2,y,y)ld] iff not (M, E)F yla)

— (M,E)E@B,y,2)[d iff (M,E)Eyla) or (M,E)FE z[d]

—  (M,E)E(4,4,y)[a] iff there exists v € M: (M, E)F yla*]

If dom(a)=mn we also write (M, E)E ¢la(0),...,a(n —1)].

Note that the recursion requires that M is a set since in the last clause we recurse to (M,
E)E y[a%] for z € M and we cannot recurse to a proper class of preconditions.

The satisfaction relation agrees with the notion of “model” in terms of relativisations. A
straightforward induction on the complexity of formulas shows:

Lemma 16. Let o(vg,...,v,—1) an €-formula. Then for any set M with a € M

Vg, vy Un—1 € M((M, €)E [@][vo, ..., vn_1] <> ©M).

Exercise 2. Define a wellorder <py, of the set Fml in ordertype w without using parameters.

Exercise 3. Show: for any ¢ € Fml there is n < w such that for any structure (M, E) and assign-
ments b, b’ in M:

if b|n=>b"n then (M,E)E bl (M, E)E ¢[b]).

5 Heriditarily Ordinal Definable Sets

We can now give the (official) definition of the class HOD.

15



Definition 17. Define

OD={y|3a€Ord3dp e Fmlda € Asn(a) y={z€V,|(Va, €) F w[ag]}},

and

HOD = {z|TC({z}) COD}

We shall see that HOD is a model of ZFC.
Lemma 18. Ord C OD and Ord CHOD.
Proof. Let £ € Ord. Then

§ = {z€Venl|ze}
= {z€Venl(z€ )"}
= {z€Vea|(Ves1, €) F [vo € nil[z, €]}
e OD

If £€O0rd then TC({¢})=¢+1COD and so £ € HOD. O
Lemma 19. HOD is transitive.
Proof. Let z € y € HOD. Then TC({z}) CTC({y}) COD and so x € HOD. O

An element y = {z € V,|(Va, €) F @lag]} of OD is determined or named by the tripel (V4,
©,a).

Definition 20. For x €V, ¢ € Fml, and a € Asn(z) define the interpretation function

Iz, p,a)={z € a|(x,€) F pla]}.

We say that I(x, ¢, a) is the interpretation of (z, ¢, a), or that (x, ¢, a) is a name for
I(x,p,a).

Lemma 21. Let

OD*={(V,, p,a)la€Ord, p € Fml,a € Asn(«a)}

be the class of OD-names. Then OD = I[OD*]. OD* has a wellorder<op-of type Ord
which is definable without parameters.
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Proof. Let <gy be a wellorder of Fml in ordertype w which is definable without parame-
ters (see Exercise 2).

Wellorder the class [ Asn(a) of all relevant assignment by

aeOrd

a<asn@' < max (ran(a)) <max (ran(a’))
V (max (ran(a)) = max (ran(a’)) A 3n € dom(a’)(a [n=a' [ n A (n ¢ dom(a) V
(n € dom(a) Aa(n) <ad'(n))))

Wellorder OD* in ordertype Ord by

(Va, ¢, a) <op (Var, ¢',a") < a<a’
V(ie=a'A ¢ <gm ¢’)
Vie=a'Np=¢p'Na<ama').

Lemma 22. OD has a wellorder<gpof type Ord which is definable without parameters.

Proof. We let <op be the wellorder induced by <op- via I:

r<opz' < I(Va, ¢,a) € OD*(x = I1(Vy, ¢, a) AV(Va, ¢’y a’) € OD*(a' = 1V, @', a’) —

(Von @, a) <op* (Va’a Q0,> a/)))' .

Lemma 23. Let z be definable from xy, ..., x,_1 by the €-formula ¢(vy,...,vy):
Vo (v =24 (21, ..., X1, Un)). (4)

Let x4,...,2, € 0OD and z CHOD. Then z € HOD.

Proof. TC({z}) ={2} UTC(z) C {2} UHOD. So it suffices to prove z € OD. Using the
canonical wellorder <pp from Lemma 22 every element x of OD is definable from one
ordinal 0 without further parameters: x is the d-th element in the wellorder <gpp. So we
may simply assume that the parameters xy,...,x,_1 are ordinals.

Let z,x1,...,x,—1 € Vp,. By Reflection take some 6 > 6, such that ¢ is Vy-absolute. Then

z = {ueVyluez}

{ueVy|Fv, (p(x1, ..., Tn_1,v) ANu€vy)}

{u € Vp|Fun € Vo (2100 w1, 00) P Au€ o)}

= {ueVy|(Va, €) E [Fu, (0(v1, ..oy Un_1,0n) Avo € vp) ] [w, 1, ooy Tn1]}
€ OD.
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The two previous Lemmas justify the notion “ordinal definable™ if z € OD it is definable
as the d-th element in <gp for some ordinal §. Conversely, if 2z is definable from ordinal
parameters the preceding proof shows that z € OD.

Theorem 24. ZFHOD,

Proof. Using the criteria of Theorem 2 we check certain closure properties of HOD.
a) Extensionality holds in HOD, since HOD is transitive.

b) Let x, y € HOD. Then {z, y} is definable from z, y, and {z, y} CHOD. By Lemma 23,
{z,y} € HOD, i.e. HOD is closed with respect to unordered pairs. This implies Pairing in
HOD.

c) Let z € HOD. Then |J z is definable from z, and | Jx € TC({z}) C HOD. So |Jz €
HOD, and so Union holds in HOD.

d) Let x € HOD. Then P(x) N HOD is definable from z, and P(z) N HOD C HOD. So
P(x) N"HOD € HOD and Powerset holds in HOD.

e) w € HOD implies that Infinity holds in HOD.

f) Let ¢(x, @) be an €-formula and @, a € HOD. Then {x € a|o"P(x, @)} is a set by Sep-
aration in V, and it is definable from @, a. Moreover {z € a|"OP(z, @)} C HOD. So {z €
a|e"OP(z, @)} € HOD, and Separation for the formula ¢ holds in HOD.

g) Let ¢(z,y,®w) be an e-formula and w,a € HOD. Assume that
Va,y,y' € HOD(p"OP(z, y, @) A P (x, ¢, @) »y =y/').
Then {y|3z € ap"°P(z, y, @)} NHOD is a set by Replacement and Separation in V. It is

definable from @, a. Moreover {y|3x € a"OP(x, y, @)} N HOD C HOD. So {y|3x €
aOP(x 4, @)} NHOD € HOD, and Replacement for ¢ holds in HOD.

h) Foundation holds in HOD since HOD is an €-model. O

Hence HOD is an inner model of set theory, i.e. HOD is transitive, contains all ordinals,
and is a model of ZF.

Theorem 25. ACHOD,

Proof. We prove AC in HOD using Theorem 2. Consider z € HOD with () ¢ z A Vu, u’ €
x(u#tu —unu =(). Define a choice set y for z by

y={v|Ju e z: v is the <pp-minimal element of u}.

Obviously y intersects every element of x in exactly one element. y is definable from x €
HOD and y CHOD. By Lemma 23, y € HOD, as required. 0J

18



Theorem 26. (KURT G°6DEL, 1938) If ZF is consistent then ZFC is consistent. In
other words: the Axziom of Choice s relatively consistent with the system ZF.

Proof. Since ZF proves that HOD is a model for ZFC. O

Exercise 4. Extend the formal language by atomic formulas for “z € A” where A is considered a
unary predicate or relation. Define

OD(A) = {y|3a € Ord3p € Fml' 3B:w — ANV, y={2 € Va|(Va, AN Va, €) F cp[B%]}}

and the corresponding generalisation HOD(A) of HOD. Prove:
a) if A is transitive then A CHOD(A);
b) if A is moreover definable from some parameters ag, ..., a,_1 € A then ZFHOD(A),

Note that AC does in general not hold in HOD(A).

6 Absolute and Definite Notions

For terms we define:

Definition 27. Let W be a term, and t(Z) ={y|¢(y,Z)} be a term which has no common
variables with W. Define the relativisation

tW(Z) ={y e W | (y,T)}.

Let W' be another term which has no common variables with t. Then t is W-W'-absolute
if

Vel n W’((tW(f) eW < tW'(f) eWHA (tW(:f) eW — tW(:f) = tW/(:f))).
If W=V we call t W-absolute.

Formulas and terms may be absolute for complicated reasons. In this section we want to
study notions that are absolute between all transitive models of ZF~ simply due to their
syntactical structure.

Definition 28. Let ¢(¥) be an €-formula and let t(V) be a term, both in the free variables
U. Then

a) 1 is definite iff for every transitive ZF~-model (M, €)
Vie M (PM(Z) < (7).
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b) t is definite iff for every transitive ZF~-model (M, €)

Vi e MtM(Z) e M and Vi € M tM(Z) =t(Z).

We shall prove that most simple set-theoretical notions are definite. We shall work induc-
tively: basic notions are definite and important set-theoretical operations lead from defi-
nite notions to definite notions.

The following lemma shows that the operations of relativisation and substitution of a term
into a formula commute.

Lemma 29. Let ¢(x, ¥) be a formula, t(Z) be a term, and M be a class. Assume that
VZe Mt(Z)e M. Then

Vi, Z€M (p(t(2), )Y < oM (tY(2), 7).
Proof. If t = t(Z) is of the form ¢ = z then there is nothing to show. Assume otherwise

that ¢ is of the form ¢ = {u|y(u, Z)}. We work by induction on the complexity of .
Assume that p=x=y and y,Z€ M. Then

) =" < {ulv(u, 2)}=y)"
< (Vu (P(u,2) < uecy)M
< YueM (PM(u, 2) < u€y)
o {ue M[pM(u,2)} =y
o tM(Z)=y
< MM (2),y)

Assume that p=y €z and y,Z€ M. Then

(yet@™ & vM(Lz)
& ye{ue Mg (u,2))
« yetM(z)
o MM (Z), )

Assume that p=x €y and y,Z€ M. Then

(Fu(u=t(Z) Auey)™

JueM (u=t(2))MAucy)

Jue M (u=t"(Z) ANu € y), by the first case,

Ju (u=t"(Z) Nu € y), since M is closed w.r.t. t,
tM(2) ey

M (tM(2), y)

(t(Z) €)™

rrereee
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The induction steps are obvious since the terms ¢ resp. t* are only substituted into the
atomic subformulas of . 0J

Theorem 30.

The formulas x =1y and x € y are definite.
If the formulas ¢ and ¢ are definite then so are = and ¢V 1.

Let the formula ¢(x, i) and the term t(Z) be definite. Then so are p(t(Z), §) and
dz e t(2) ¢(z, 7).

The terms z, O, {z,y}, and |Jx are definite.

Let the terms t(z,y) and r(Z) be definite. Then so is t(r(Z), ¥).

Let the formula ¢(x, ) be definite. Then so is the term {x € z|p(z,¥)}.
Let the term t(x, ) be definite. Then so is the term {t(z,¥)|x € z}.

The formulas “R is a relation”, “f is a function”, “f is injective”, and “f is surjec-
tive” are definite.

The formulas Trans(z), Ord(z), Succ(x), and Lim(x) are definite.

The term w is definite.

Proof. Let M be a transitive ZF~-model.

a) is obvious since (z=y)” =(x=y) and (x € y)M = (z € y).

b) Assume that ¢ and @ are definite and that (M, €) is a transitive ZF~-model. Then
VZ e M (pM(Z) < o(2)) and VZ € M (™ (Z) <3 (Z)). Thus

and

Vie M ((¢ V)M (@)« (M(@) v OM(@)) > (0(Z) V ¥ (F)) < (e V ¥)(T))

Vi€ M ((—p(Z))" < =(eM(Z)) < ~(0(F)) < (—p)()).

c¢) Let (M, €) be a transitive ZF -model. Let 4,2 € M. t(Z) € M since t is definite. Then

((t(2), Y < oM(#(2), §), by Lemma 29,
< ©oM(t(2), ¥), since t is definite,
< @(t(2),7), since  is definite.
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Also

Bret(z) pla, )V © (Yo (w€t(z) > ple, )M
& VeeM ((xet(2)M— oM (x, 7))
& Ve M (zet"(Z)— pM(z, 7))
— YeeM(xet(Z)— p(z,y)), since t and ¢ are definite,
— Vo (xet(Z)— ¢(x,y)), since t(Z) C M,
& Ve et(Z) ez, §)).

d) A variable term x is trivially definite, since 2™ = 1.

Consider the term ) ={u|u#u}. Since M is non-empty and transitive, ) € M. Also
PM={ueMlutu}=0.
Consider the term {z,y}. For z,y € M:
{r,yM={ueMu=xVu=y}={ulu=zVu=y}={z,y}.
The pairing axiom in M states that

(Va,yJz z={x,y )M
This implies
Ve,ye M3ze Mz={x,y}M={z,y}
and

Ve,ye M {x,y} € M.

Consider the term |J z. For x € M:
(U x)M:{ueM\(ElvExuEU)M}:{UGM\ElvexﬂMuev}:{u\ElvEquv}:U x.

The union axiom in M states that
(Vz3z 2= U )M,
This implies
‘v’xEMEIzGMz:(U a:)M:U x
and

VxEMUxEM.

22



e) is obvious.

f) Let 4,z € M. By the separation schema in M,
Fww={zez]p(z,H)H",
ie. {ze€z|p(x,y)}M e M. Moreover by the definiteness of ¢
{zezlo@ P ={reM|zeyne¥(z,))} ={z]|zeyrp(z, )} ={z€z]p(z,§)}

g) Since t is definite, Va, ij € M tM(z,jj) € M. This implies

Vo, 7€ M3we Mw=tM(z, )
and (Vz, 73w w=t(z, §))™. Let %,z € M. By replacement in M,

(Faa={t(z,y)|xez})M.

Hence {t(z, §)|z € 2} € M. Moreover

{t(z,§)|xez}M = {w|Trezw=1t(z,§)}M
= {weM|Izezw=tMx,y)}
= {w|Iz€zw=tM(x,y)}, since M is closed w.r.t. t¥,
= {w|dr € zw=t(x, §)}, since t is definite,
= {t(z,§)lrez}.

h) “R is a relation” is equivalent to

VzEREI:B,yG(U U z) z={{z},{z,y}t}

This is definite, using c¢), d), ¢). The other relational statements are definite for similar rea-
sons.

i)

() < VyeaVzeyzex

Ord(z) <« Trans(x)AVy €z Trans(y)
() < Ord(x)ANJyexz=yU{y}
(z) + Ord(x) A —Succ(z) Az

j) Consider the term w =" {z|z is inductive}. Since M satisfies the axiom of infinity,

dJre M (z=w)M.
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Take zo € M such that (zg=w)™. Then (Lim(z0))™, (Vy € o —Lim(y))™. By definiteness,
Lim(zy), Yy € xo ~Lim(y), i.e. xo is equal to the smallest limit ordinal w. Hence w € M.
The formula “z is inductive” has the form

Dexnvyex| J{y {y}} e

and is definite by previous considerations. Now

wM = (ﬂ {z|x is inductive})M
= ({y|Vz (z is inductive »y € z) })M
= {ye M|Vz e M (z is inductive -y € )}, since “z is inductive” is definite,
= ﬂ {z € M|z is inductive}
= ﬂ {zNwlzx € M is inductive}, since w € M,
= ﬂ {w}, since w is the smallest inductive set,
= w.

O

We may view this theorem as a “definite” form of the ZF-axioms: common notions and
terms of set theory and mathematics are definite, and natural operations lead to further
definite terms. Since the recursion principle is so important, we shall need a definite recur-
sion schema:

Theorem 31. Let G(w, §) be a definite term, and let F(«, ¥) be the canonical term
defined by €-recursion with G:

Vo F(z,§) =G({(z, F(z,§)[z €2}, ).

Then the term F(x,¥) is definite.

Proof. Let M be a transitive ZF-model. By the recursion theorem, F'is a total function
in V and in M:

Vo, j€MFM(z,4) e M.

Assume that z were €-minimal such that F(x, ) # F(x,%). Then we get a contradiction
by

FM(z,5) = GM({(z,FM(z,9))lz €z}, 7)

= GM{(2,F(z,%))|z €z}, ¥), by the minimality of x,

= G({(z,F(z,9))|z €z}, y), by the definiteness of G,
(@, 7).

|
T
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Lemma 32. rank(x) is a definite term.

Proof. rank(z)=]J {rank(y)+ 1|y € x } = G(rank | ) with the definite recursion rule

G(f)={f(2) + 1|z edom(f)} B

Theorem 33. Let G(w, ) be a definite term and let R(z, x) be a strongly wellfounded
relation such that the term {z|zRx} is definite. Let F(a, y) be the canonical term defined
by R-recursion with G:

Vo F(z,§) = G({(z, F(z,§) [z Rz}, §).

Then the term F(x,%) is definite.

Proof. Let M be a transitive ZF-model. By the recursion theorem, F'is a total function
in V and in M:

Vo, j€MFM(z,4) e M.

Assume that 2 were R-minimal such that F¥(z, §) # F(z, §). Then we get a contradiction
by

FY(z,5) = GY({(z, FY(z,9))|(zRx)"}, §)

GM{(z, FM(z,%))|2Rx}, ), by the assumptions on R,
GM({(z,F(z,9))|zRz},¥), by the minimality of x,
({(z,F(z,9))|zRx},¥), by the definiteness of G,

(

., 3j).

I
@D

Also other kinds of recursions lead from definite recursion rules to definite functions.

Note that not every important notion is definite. For the powerset operation we have
PM(z)=P(x) N M. If M does not contain all subsets of z then P(x) = P(x). We shall
later produce countable transitive models M of ZF~ so that PM(w) # P(w), and we thus
prove that P(x) is not definite. Obviously the construction of models of set theory is espe-
cially geared at exhibiting the indefiniteness of particular notions.

Exercise 5. Show that (z,y), z X y, f |z are definite terms.
Exercise 6. Show that TC(z) is a definite term.

Exercise 7. Show that the term V,, for n <w is definite. Show that the term V,, is definite.
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Lemma 34. The following modeltheoretic notions are definite:

a) the term Fml of all formalised €-formulas;

b) the term Asn(M);

c) the formula “(M, E)E ¢[b]” in the variables M, E, ¢, b.
Proof. a) and ¢). Fml and Fare defined by recursion on the relation

yRr3u,v (x=(u,y,v)Ver=(u,v,y)).
Then
{ylyRa}={y e TC(z)[Fu,v e TC(z) (x = (u,y,v) Ve =(u,v,y))}
is definite. Therefore the characteristic function of Fml is definite as well as the term
Fml={z € V,,|z € Fml}.

By Theorem 33 on definite recursions, Fml and F are definite.

b) Define by definite recursion Asng(M)={0} and
Asnyy (M) = Asn, (M) U {a% la € Asn (M) Az € M).

Asn, (M) is a definite term, and Asn(M) =] {Asn,(M)|n €w} is also definite. O

7 Skolem hulls

Theorem 35. (Downward L°6WENHEIM-SKOLEM Theorem, ZFC) Let X C M # () be
sets. Then there exists N C M such that

a) X CN and card(N) < card(X )+ RNg ;
b) every €-formula is N-M-absolute.

Proof. Take a wellorder < of M. Define a SKOLEM function S: Fml x Asn(M),

S(p,a)= the < smallest element of (M, ¢, a), if this exists,
v a)= mo, else,
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where mg is some fixed element of M. Intuitively, S(¢, ag, a1, ..., ax—1) is the <-smallest
element z € M such that M E ¢(z,ay,...,ar_1), if such a z exists.

Define Ny= X, Ny, N, ... recursively:

Ny+1=N,US[Fml x Asn(N,)],

and let N=J, _ Nn.

We show inductively that card(V,,) < card(X) + Ny :

card(Ny,11) card(N,,) + card(Fml x Asn(V,,))

card(N,,) + card(Fml) - card(<“N,,)

card(V,,) + Rg - card(N,,)<¥

card(X) + Ny + Vg - (card(X) + Rg), by inductive assumption,
(

)
card(X) + Ny.

INCINCIN NN

Hence

card(NV) < Z card(V,,) < Z (card(X) 4+ Rg) =Rg - (card(X) + Rg) = card(X) + Ny .

n<w n<w

We prove the N-M-absoluteness of the e-formula ¢ by induction on the complexity of .
The cases ¢ =vy=1v; and ¢ = vy € vy are trivial. The induction steps for ¢ = gV ¢; and
© = —p are easy. Finally consider the formula ¢ = Jvg ¢(vg, vy, ..., vg—1). Consider ay, ...,
ag_1 € N. The SKOLEM value u=S([1],aq,...,a;_1) is an element of N. Then

(E'U(] ’QD(’U(], a, ..., ak_l))N — dug € N’QDN(’U(), Ay, ..., ak_l)
— FJvg€ NYM(vg,ay, ...,ar_1), by the inductive assumption,
— HUQEMIDM(’U(), al,...,ak_l)

— (3’00 ¢(’U0, ai, ..., ak_l))M.

Conversely assume that (Jvg ¢(vo, ai, ..., ar_1))™. Then I(M, [+, a1, ...,ar_1) #0 and 2z =
S([¢], ai,...,ax—_1) is the <-smallest element of M such that (2, ay,...,ax_1). The con-

struction of N implies that z € N. By induction hypothesis, ¢™(z, ay, ..., ax_1). Hence
Jvg€ NYN(2, a1, ..., a5 1) = (Fvg ¥ (vo, ay, ..., ax_1))™. O

Note that this proof has some similarities with the proof of the LEVY reflection principle.
Putting X = the theorem implies that every formula that has some infinite model M has
a countable model N. E.g., the formula “there is an uncountable set” has a countable
model. This is the famous SKOLEM paradox. As a prepartation for the forcing method we
also want the countable structure to be transitive.
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Theorem 36. Assume (Estensionality)N. Then there is a transitive N and m: N > N
such that m is an €-isomorphism, i.e. Yo,y € N (x € y<> m(x) € w(y)). Moreover, N and 7
are uniquely determined by N. m and N are called the MOSTOWSKI transitivisation or col-
lapse of N.

Proof. Define m: N =V recursively by

m(y)={m(z)lzcynN}.
Set N =7[N].

(1) N is transitive. )
Proof. Let z€n(y) € N. Take x € y N N such that z=n(x). Then z € 7[N]=N. qed(1)

(2) m: N+ N.

Proof. It suffices to show injectivity. Assume for a contradiction that z € N is €-minimal
such that there are y, vy’ € N, y # ¢’ with z = 7(y) = 7(y’). (Extensionality)" implies
(Fz(z €y« x ¢ y'))N. Take € N such that € y +» 2 ¢ y'. We may assume that x € y
and x ¢ y'. Then 7(z) € 7m(y) = 7(y’). According to the definition of 7 take ' € y' N N
such that 7(z) =m(z’). By the minimality of z,  =2’. But then x =2’ € y’, contradiction.
ged(2)

(3) m is an €-isomorphism.
Proof. Let x,y € N. If x € y then n(x) € n(y) by the definition of 7. Conversely assume
that m(x) € w(y). By the definition of 7 take 2’ € y N N such that m(x) = m(2’). By (2),
rx=ua"and so x €y. ged(3)

To show uniqueness assume that N is transitive and 7#: N <> N is an €-isomorphism.
Assume that y € N is €-minimal such that 7(y) # 7(y). We get a contradiction by
showing that m(y) = #(y). Consider z € 7(y). The transitivity of N implies z € N. By the
surjectivity of 7 take z € N such that z = 7(x). Since 7 is an €-isomorphism, z € y. And
since 7 is an €-isomorphism, m(z) € w(y). By the minimality of y, 7(x) =7 (z). Hence z =
7(x) = 7(x) € 7(y). Thus 7(y) C m(y). The converse can be shown analogously. Thus
7m(y) =7 (y), contradiction. O

It is easy to see that €-isomorphisms preserve the truth of e-formulas.

Lemma 37. Let m: N ++ N be an €-isomorphism. Let p(vy, ..., v,_1) be an €-formula.
Then

Voo, ..., k=1 €N (9™ (vo, ..., vh—1) > ™ (m(vp), ..., T(vk_1)))-

Lemma 38. (ZFC) Let ¢y, ..., pn—1 be €-formulas without free variables with are true in
V. Then there is a countable transitive set N such that b, ..., oY .

28



Proof. We may assume that ¢q is the extensionality axiom. By the Reflection Theorem 7
we can take 6 € Ord such that o}?, ..., ¥ , . By Theorem 35 there is a countable N such
that all €-formulas as N-Vj-absolute. In particular ¢f, ..., ¢_; . By Theorem 36 there is
transitive set N and an €-isomorphism 7: N <+ N. Then N is countable. By Lemma 37

Spg]vv"'agpév—l- D

Theorem 39. If ZFC s consistent then the following theory is also consistent: ZFC + M
is countable and transitive + ZFCM where M is some variable.

Proof. Assume that the theory ZFC + M is countable and transitive + ZFCM is inconsis-
tent. Then there is a finite sequence ¢y, ..., ¢,—1 of ZFC-axioms such that the theory

©0, ...y Pn—1, M is countable and transitive, ¢3!, ..., oM ,

implies x # x. Work in ZFC. By Lemma 38 there is a countable transitive set N such that

o, .., gpﬁ_f_l . Setting M = N we get the contradiction x # z. Hence ZFC is inconsis-
tent. U

The consideration so far justify the following picture as a basis for further studies:

The argument of the Theorem can be extended to every e-theory which extends ZFC, like
ZFC+ CH or ZFC + —CH.

Theorem 40. Let T be a theory in the language of set theory which extends ZFC.

Assume that T is consistent. Then the following theory is also consistent: T+ M s count-
able and transitive +TM, where M is some variable.
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8 Extensions of Models of Set Theory

So far we have constructed and studied inner models, i.e. submodels of given models of
set theory. We shall now work towards extending models of set theory by the forcing
method of PAUL COHEN. COHEN introduced these techniques to show the independence
of AC and CH from ZF.

We shall work in the situation justified by Theorem 39: assume ZFC and ZFCM where M
is countable and transitive. Such an €-structure (M, €) is called a ground model. We
intend to adjoin a generic set G to M so that the extension M[G] is again a model of
ZFC. COHEN proved the independence of CH by constructing a generic extension

M[G]E ZFC + —~CH.

As already said in the introduction the extension M C M][G] has some similarities to a
transcendental field extension k C k(a). The transcendental element a can be described in
the ground field £ by a variable x; some properties of a can be described in k. That k(a)
is a field follows from the field axioms in k. The extension is generated by k£ and a: every
intermediate field K with £ C K Ck(a) and a € K satisfies K =k(a).

The settheoretic situation will be much more complicated than the algebraic analogue.
Whereas there is up to isomorphism only one transcendental field extension of transcen-
dence degree 1 we shall encounter a rich spectrum of generic extensions.

So fix the ground model M as above. We shall use sets G to determine extensions M [G].
G may be seen as the limit of a (countable) procedure in which more and more properties
of M[G] are being determinea or forced. Limits are often described by filters. Our G will
be a filter on a preordering (P, <).

Definition 41. A partial order or a forcing is a tripel (P, <, 1p) such that (P, <) is a
transitive and reflexive binary relation (a preordering) with a maximal element 1p. The
elements of P are called (forcing) conditions. We say that p is stronger than ¢ iff p < q.
Conditions qo, ..., qgn—1 are compatible iff they have a common extension p < qo, ..., ¢n—1 -

An example of a forcing relation is COHEN forcing (P, <, 1p):
P =Fn(w,2,Xg) ={p|p: dom(p) =2 A dom(p) Cw A card(dom(p)) < Ro}

consists of all partial functions from w to 2. COHEN forcing will approximate a total func-
tion from w to 2, i.e. a real number. The approximation of a total function is captured by
the forcing relation: a condition p is stronger than ¢ iff the function p extends the func-
tion ¢:

p<qiff p2gq.
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Let 1p=0 be the function with the least information content. Two COHEN condition ¢1, ¢o
are compatible iff they are compatible as functions, i.e. if ¢; U ¢ is a function.

Fix some forcing relation (P, <, 1p) € M. It is important that the forcing relation is an
element of the ground model so that the ZFC-properties of M may be applied to P.

Definition 42. G C P is a filter on P iff
a) lpeG;
b) Ve GVp=>qpeG;

c) Vp,qeGIreG(r<pAr<gq).

In the case of COHEN forcing, a filter is a system of pairwise compatible partial function
whose union is again a partial function from w to 2. We shall later introduce generic fil-
ters which would make that union a total function.

Fix a filter G on P. We shall construct an extension M[G] which will satisfy some axioms
of ZFC. This will later be strengthened to generic extensions which satisfy all of ZFC.
Elements « € M[G] will have names & € M in the ground model; G allows to interpret & as
x: 2 = 2% The crucial issue for computing the interpretation 2% is to decide when y¢ €
2%, This shall be decided by the filter G. So the important information about Z is con-
tained in the set

{(y, p)|p decides that y €z }.

In the forcing method one identifies & with that set:

t={(y, p)|p decides that y € 1}.

This motivates the following interpretation function:

Definition 43. Define the G-interpretation & of & € M by recursion on the strongly well-
founded relation y Rz iff Ju (y,u) €T :

% ={y%|3peC (y.p) €z}
Let
M[G]={iC|z € M}

be the extension of M by P and G.
We examine which settheoretic axioms hold in M[G].
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Lemma 44. M|[G] is transitive.
Proof. Let u € 1% € M[G]. Then u € {y“|Ipe G (y,p) €} C M[G].
Lemma 45. Vi € M rank(z%) < rank(z).

Proof. By induction on the relation y Rz iff Ju (y,u) € 2

U {rank(y%)+1|3pe G (y,p) €1}

U {rank(y) + 1|E|p € G (y,p) € &}, by inductive hypothesis,
(
(

rank (%)

U{rank( N+1|(y,p)ex}
u)+1|luer}

NN N

I
—
Q
=
=
—
8
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To show that M[G] 2 M we define names for elements of M.

Definition 46. Define by €-recursion the canonical name for x € M:

Lemma 47. For x € M holds #“=x. Hence M C M|G].

Proof. By &-induction.

¢ = {y%FpeC (y,p) €}
= {y%|y €z}, by the definition of & and since 1p € G,
= {y|y €z}, by inductive hypothesis,

= I.

Lemma 48. M[G]NOrd =M N Ord.

Proof. Let a € M[G] N Ord. Take & € M such that 2% = «. By Lemma 32, rank(u) is a

definite term. Hence rank(z) € M NOrd. Hence

a=rank(a) =rank(z%) <rank(z) € M NOxd.
To check that G € M[G] we need a name for G.
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Definition 49. G ={(p,p)|p € P} is the canonical name for the filter on P.

Lemma 50. G e M and G* = H for any filter H on P.

Proof. The term & in the variable z is definite since it is defined by a definite €-recur-
sion. So (&, x) and {(p, p)|p € P} are definite terms in the variables  and P resp. Then

P e M implies that G € M. Moreover

G"={pAlpe H}={plpe H}=H.

O

Theorem 51. M[G] is a model of Ezxtensionality, Pairing, Union, Infinity, and Founda-
tion.

Proof. We employ the criteria of Theorem 2. Extensionality and Choice hold since M|[G]|
is a transitive €-model.

Pairing: Let x, y € M[G]. Take names 2,y € M such that z=21% y=gyC. Set

z={(2,1p),(y,1p)}.
Then

{z,y}={a% 99}t =2 M[G].
Union: Let x € M[G] and 2 =21% &€ M. Set
2={(i,7)|Fp, g€ PI(r<pAr<gA (i, p) €EVN(V,q) €3}

The right-hand side is a definite term in the variables P, <, € M, hence z € M. We show
that |z =z¢.

Let uw €] z. Take v € z such that u € v €z =21% Take v € M and ¢ € G such that (v, ¢) €
% and v =wv. Take & € M and p € G such that (u,p) € ¥ and 4% =wu. Take r € G such that
r < p,q. By the definition of 2z, (u,r)€ 2, and u=1u% € 29 since r € G.

Conversely let u € 2¢. Take r € G and u € M such that (4, r) € 2 and u=1%. By the defin-
ition of 2, take p,q€ P and v € M such that

r<pAr<qgA(d,p)EVA(D,q)E .

Then p,q€G and u=u%€v¥€i%=x. Hence ue|jx.
Infinity holds in M[G] since w e M C M[G]. O
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Problem 1. Do Powerset and Choice hold in M[G]?

9 Generic Filters and the Forcing Relation

If (¢,p) € then pe H— yH € 215 so regardless of other aspects p “forces” that y € &. And
if g €z this is (leaving some technical issues aside) forced by some p € H. We want to
generalise this phenomenon from the most fundamental of furmulas, vy € v, to all &-for-
mulas: consider a formula (v, ..., v,_1) and names %, ..., &,_1. We want a relation

p“‘ QO([L"Q, ...,Zij’n_l)
such that

a) pl- @(do, ..., 1) implies that M[H|E p(af, ..., 27 ;) for every appropriate filter
H on P with pe H

b) if M[H]E p(zf, ..., ;) for some appropriate filter H on P with p € H then there
is p € H such that plk p(2q, ..., Tp_1).

Let us continue the discussion with the vague notion of “appropriate filter”. By b), an
appropriate filter H has to decide every ¢ . There is r € H such that r I ¢ or r I —:

{rePrl-yporri-—p}n H +0;

We argue that the set D ={r € P|rlk ¢ or rlF —p} is a dense set in P. Let p € P. Take
an appropriate filter H on P with p € H. Suppose that M[H|E ¢. By b) take some ¢ € H
such that ¢ I ¢. By the compatibility of filter elements take r € H such that r < p, ¢q .
Then rl- ¢ and r € D. In case M[H|E =y we similarly find r < p, r € D.

It will turn out that the set D will be definable inside the ground model, thus D € M.
Accordingly, a filter H on P will be appropriate if it intersects every D € M which is a
dense subset of P. We now give rigorous definitions of appropriate filters and of the
forcing relation.

Definition 52. Let (P,<,1p) be a forcing.
a) DC P s dense in Piff Vpe Pdqge Dqg< p.
b) A filter G on P is M-generic iff DNG #0) for every D € M which is dense in P.

If M|G] is an extension of M by an M-generic filter we call M[G] a generic extension.
For countable ground models we have
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Theorem 53. Let (P, <, 1p) be a partial order, let M be a countable ground model, and
let pe P. Then there is an M-generic filter G on P with peG.

Proof. Take a wellorder < of M in ordertype w. Let (D, |n <w) be an enumeration of all
D € M which are dense in P. Define an w-sequence p = py = p1 = p2 = ... recursively:

Pni1 is the <-smallest element of M such that p,.1 <p, and p,.1€ D, .

Then G={pe P|In<wp,<p} is as desired. O
Fix a ground model M and a partial order (P, <,1p) € M.

Definition 54. Let ¢(&g, ..., T,—1) be a sentence of the forcing language, i.e. (v, ...,
Vn_1) 18 an €-formulas and o, ..., 7,1 € M. For p € P define pI-¥ (g0, ..., n_1), p forces
o(To, ..., Tn_1), iff for all M-generic filters G on M with p € G :

M, .. ).

If M or P are obvious from the context we also write |-p or IF instead of IF¥.

We shall state several properties of IF. Some of the properties amount to a definition of
Ik by recursion on the complexity of ¢ which can be carried out inside the ground model
M.

Lemma 55.
a) If plky and ¢<p then qlF ¢.
b) If plk ¢ and ¢ implies 1 then pl- 1.
c) If (y,p)€d andp€ P thenplkyex.
Proof. a) Let G > g be M-generic on P. Then p€ G. Hence M[G|E .

b) Let G 5 p be M-generic on P. Then M[G]|FE ¢. Since ¢ implies 1, also M[G]FE 1.
¢) Let G> p be M-generic on P. Then

y&e{u¥|3qeqG (u,q) i} =1C. O

For simplicity we assume that €-formulas are only built from the connectives A, =, V. We
want to show (recursively) that every €-formula has the following property:

35



Definition 56. The €-formula ¢(vg, ..., v,—1) satisfies the forcing theorem iff the fol-
lowing hold:

a) The class
FOI‘CGSD = {(p, Si’o, ey Li’n_l) ‘p ePA Si](), ceey Tpn1EM /\pH— gO(Si’Q, e Li’n_l)}
1s definable in M;

b) if M[G] is a generic extension and %y, ..., 1,1 € M with M[G] E (3§, ..., i5_1)
then there is p € G such that plk (T, ..., Tp_1).

Lemma 57. Let o(vo, ..., vn_1) and ¥ (vg, ..., v,_1) be €-formulas satisfying the forcing
theorem. Then we have for all names tq,...,T,_1 € M

a) p“— ((p/\iﬂ)(i’o, ...,Li’n_l) Zﬁp“‘ gO(i’Q, ...,i’n_l) andpll— Qﬂ(i’o, ...,Si’n_l).
b) p“_ _'Sp(i’(]a"wj:n—l) Zﬁ \V/qu_‘qn_ SD(iOa"')i'n—l)'
c) plEYvop(voda, ..., Tpno1) iff Yig€ Mplk (2o, ..., En-1).

d) The formulas (¢ A1), —p, and Yvg ¢ satisfy the forcing theorem.

Proof. a) is immediate.

b) For the implication from left to right assume p Ik —p(2g, ..., T,—1) and let ¢ < p. If
q Ik o(to, ..., Tn—1) then p Ik p(Zo, ..., Tn—1). Take an M-generic G 3 p. Then M[G] F =
o(@§,...,25_1) and M[G]F @(z§,...,25_;). Contradiction.

For the converse assume —p Ik =¢(iq, ..., #,_1). By the definition of |- take an M -generic
G > p such that M[G] E p(a§, ..., 25_,). Since ¢ satisfies the forcing theorem take r € G
with r Ik (g, ..., T,—1). Take g € G such that ¢ < p,r. Then ¢l ¢(Z, ..., Z,—1), and the
right-hand side of the equivalence is false.

¢) is similar to the case a). The implication from left to right is immediate. For the con-
verse assume Vig € Mp = p(zo, ..., Tp_1). €t G > p be M generic on P. Then Vi, €
M MI[G] E o(i§, ..., 25_1). Then M[G] E Yugp(vg, 2§, ..., 25_1). Thus p IF Yuep(vo iy, ...,
Tn_1).

d) The cases a) — ¢) contain definitions of Force,,, , Force_, , and Forcey,,, on the basis

of definitions of Force, and Force, . We now show b) of Definition 56 for ¢ A 1, =g, and
Yo ¢. So let M[G] be a generic extension.

© A 1 Assume M[G] E (p A ¥)(d§, ..., ©5_1). Then M[G] F o(i§, ..., 25_1) and
M[GE¥(i§,...,25_1). Since ¢ and 1) satisfy the forcing theorem, take p, ¢ € G such that

plF @(Zo, ..., Tpn_1) and q Ik (2o, ..., Tn_1). Take r € G with r < p, ¢. Then r Ik (i, ...,
i’n_l), rl- ’gb(l.’(], ...,i’n_l), and rl- ((pA ’QD)(ZIZ'(], ...,i’n_l).
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= Assume M[G]E —p(i§,...,35_1). Define

D={peP|plkp(ig,....0n_1) or Yg<p —qlk@(Zg, ..., Tn_1)}.

Since Force,, is definable in M, we get D € M. It is easy to see that D is dense in P. By
the genericity of G take p € GN D. We cannot have p - ¢(zq, ..., &,-1) because M[G]F —
o(@§, ..., 5_1). Hence Vg < p —q - (i, ..., ,_1). Then b) implies that p IF = (d, ...,

Fn1).

Vg ¢ : Assume M |[G]E Vg ¢(vo, 27, ..., 25 1). Define
D={peP|Vice Mplr p(zg,...,Tn_1) or Jig € Mpl-—p(to, T1...,Tn_1)}

Then D € M since Force, and Force-,, are definable in M.

(1) D is dense in P.

Proof. Consider r € P. If Vig € M- o(io, ..., T,—1) then r € D. Otherwise take ©g € M
with = IF (i, ..., 2,_1). Take an M-generic filter H > r such that M[H] F —p(z§, ...,
#%_1). Since - satisfies the forcing theorem, take s € H with s - —p(iy, ..., #,_1). Take
p € H such that p<r,s. Then plk—p(zg,...,4,—1) and p€ D. ged(1)

By the genericity of G take p € GN D. Assume for a contradiction that Jio€ M pl- (2,
F1..., n_1). Take 29 € M such that p IF —~p(do, @1..., 2,_1). Since p € G, M[G] E = (i§,

i, ..., 25_,), contradicting the assumption of the quantifier case. So p is in the “other
half” of D, i.e. Vige M plk p(iq, ..., En_1). By ¢), plkYvg p(vo, T1, ..., Tp_1). O

10 The Atomic Case

The atomic case of the forcing theorem turns out more complicated than the cases that we
have considered so far. This is due to the hierarchical structure of sets. We treat the
equality case v; = vy as two inclusions vy C vy and vo C vy . The relation z§ C 2§ is equiva-
lent to

{y7'13s1€ G (y1,51) €11} C{yF [Fs2 € G (y, 52) € 22}

Lemma 58.
a) p“—l’lgl’g Zﬁ V(yl,Sl)GfL’l (sleP—>
D(y1,81,22):={q € P|lqg<s1— Iy, 82) Exa(s2€ PAq<$aNqlFy1 Cya Aglbya Cyn) }
is dense in P below p).

b) Force,,c,, is definable in M.

c) If 2§ Ca§ then there is p € G such that plFx; C x5
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Here we say that a set D C P is dense in P below p iff Vp'<pIq< qqe D.

Proof. Consider the relation

(¢, y1,92) R (p, 21, 22) < (31 € dom(z1) V 31 € dom(z2)) A (y2 € dom(z) V 3o € dom(z2)).

(1) R is strongly wellfounded.
Proof . If (q, y1, y2) R (p, 1, z2) then

(rg(y1) <rg(z1) Vrg(yr) <rg(w2)) A (rg(ye) <rg(w1) Vrg(ys) <rg(r2)),

and so max (rg(y1), rg(y2)) < max (rg(xy), rg(x2)). Hence an infinite decreasing sequence in
R leads to an infinite decreasing sequence in Ord. ged(1)

By recursion on R define

S(p,x1,x2) <> Y(y1,81) €Ex1(51€ P—
{ge Plg<s1—3(y2,52) €xa(s2€ PAqg<52ANS(q,y1,42) NS(q, Y2, 11) }
is dense in P below p).

By a simultaneous induction on R we prove that (p Ik x; C 23) <> S(p, x1, z2) and proper-
ties a) and ¢). This also proves b).

a) Assume plkx; Czy. Let (y1,$1) €21 and sy € P. To show that D(yy, s1, x2) is dense in
P below p consider p’ < p. It suffices to find ¢ < p’ with ¢ € D(yy, s1,x2). Let G > p’ be M-
generic on P.

If —p’ < sy then p’ € D(y1, 51, 22) and we can take ¢=1p’.

So assume that p’<s;. Then s, p € G and
yf' €2 Caf = {y¥|3s2€ G (y2, 52) € 22}

Take (ys, 52) € T3 such that s, € G and yf =45, Then yf C y§ and 3§ C y{. By the induc-
tive assumption c¢) take p”, p” € G such that p”IF y; C yy and p”' Ik yo C 4 . Take g € G
such that ¢ < p/, s9, p”, p”. Then ¢ < p' <s1, < S92, qlFy1 Cya, and gl y5 C y; . Hence
q € D(y1, s1,22).

Conversely assume the right-hand side of a). Let G 5 p be M-generic on P. We have show
that 2§ C 2¥, ie. {yF|3s1 € G (y1, 51) € 11} C{y§|3s2 € G (92, 52) € w2} So let yf € xf'.
Take s; € G such that (yi, s1) € ;. Take p’ € G, p’ < p, s1 . The right-hand side of a)
implies that D(yi, s1, xg) is dense in P below p and thus below p’. By the inductive
assumption, D(y, s1,x2) € M. By the genericity of G, take ¢ € G, ¢<p’, ¢ € D(y1, 51, x2).
By the definition of D(y, s1,22) take (yo, $2) € o such that

$2€ PAq<saNglbyi CyaAgl-ya Sy
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Since ¢, sy € G this implies v C y¥, v§ C y{, and so
yi' = ys €af.

Ror (q, y1, y2) R (p, 1, z2) the induction hypothesis implies that S(q, y1, y2) and S(q,
Y2, Y1) agree with ¢ Ik y; C yo and ¢l yo C 4y respectively. Now a) and the recursive defini-
tion of S(p,z1,x2) agree and yield that

(plF 21 Cx9) < S(p, x1, x2).
c) Let M[G] be a generic extension such that M[G]Fz{ C 2. Set

D={peP | plrz;Cuxy
va(ylusl)exl (81€P/\ngp
(¢ <s1AV(y2, 82) €xa(s2€ PAqIFy1 Cya Aglb 1o S yn) = —¢ <))}

D € M since by the inductive assumption we may replace IF in the definition of D by the
predicate S which is definable in M.

(2) D is dense in P.

Proof. Let r € P. If r - x; C 29 we are done. So assume —r -2z, C z5. By the equivalence
in a) take (yi, s1) € z1 such that s; € P and D(yy, s1, x2) is not dense in P below r. Take
p<r such that Vg<pq¢& D(y1, s1,y2). q¢& D(y1,s1,y2) is equivalent to

q<51AY (1, 82) €Exa(52€ PAqIFEy1 Cyp A gl 2 C iy — g < s9).

Hence p <r is an element of D. ged(2)

By the M-genericity take p € G N D. We claim that plFz; C xo. If not then the alterna-
tive in the definition of D holds: take (yi, s1) € z1 such that s; € P and

Va<p(g<s1AY(ya, 52) Ex2((s2€ PAqIFy1 Cya A gk ya Cy1) =g < 89)). (5)
In particular for ¢ =p we have
P<s1AY(Y2, 82) €Ea((s2€ PAPIFy1 Cya AplEya Cy1) = —p < sa).
Then s; € G and 3¢ € 2 C 25 = {95|Is2 € G (2, 52) € 22}, Take (ya, 52) € x5 such that s, €
G and yf = y§. Then 3¢ C y§ and 3§ C yf. Since c) holds at R-smaller triples, there are

q', ¢" € G such that ¢’IF y; C y and ¢” IF yo C y; . Take g € G such that ¢ < p, so, ¢, q”.
Then (y9, s9) satisfies

S9€E PAqIFy1 CyaNqlFy STy Ag< sy,
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But this contradicts (5). Hence plkz; Czy. O
We can now deal with the other atomic cases:

Lemma 59.
a) x =y satisfies the forcing theorem.

b) x €y satisfies the forcing theorem.

Proof. For a) observe that pl-z =y iff plkx Cy and plky Cz.

b) We claim that plFz € y iff D={q¢<p|3(u,r) €y (¢g<rAqgl-z=u)}is dense in P
below p.

Assume that pl-2 € y. To prove the density of D consider s < p. Take an M-generic filter
G on P with s€G. slkz €y and so 2% € y“={u“|Ir € G (u,r) € y}. Take (u,r) € y such
that ¢ =u% and r € G. By the forcing theorem for equalities take ¢ € G such that ¢z =
u. Take g € G such that ¢<s,r,t. Then ¢<p, ¢<r, and ¢lFz=wu. Hence g€ D.

Conversely let D be dense in P below p. To show that p Iz € y let G be an M-generic
filter on P with p € G. By the genericity there is ¢ < p such that ¢ € G N D. Take (u,r) €
y such that g <rAglFz=wu. Then r € G and 2% =u% € ¢©.

Finally assume that 2% € y©. y“ = {u%|Ir € G (u,r) € y}. Take some (u,r) € y such that
r € G and 2% =u“ By a) take s € G such that sIF 2 =wu. Take p € G such that p<r, s.
Then plFx=w and plFu € y. Hence plFx € y. O

So we have proved the forcing theorem:

Theorem 60. For every €-formula ¢(vy, ..., v,_1) the following hold:
a) The property plF¥ p(io, ..., 0n_1) is definable in M;

b) if M|G]E p(i§,...,25_1) in a generic extension M[G] then there is p € G such that
p“‘ Qp(i'o, ceey in—l)-
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